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Computation of the coefficients for the order p 6 anomalous chiral Lagrangian 
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We present the results of computing the order p 6 low energy constants in the anomalous part of 
the chiral Lagrangian for both two and three flavor pseudoscalar mesons. This is a generalization of 
our previous work on calculating the order p 6 coefficients for the normal part of the chiral Lagrangian 
in terms of the quark self energy T,(p 2 ). We show that most of our results are consistent with those 
we have found in the literature. 
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I. INTRODUCTION AND BACKGROUND 



It is well known that the chiral symmetry in quantum chromodynamics (QCD) suffers anomalies due to the non- 
invariance of the path integral measure of the quark fields under the chiral symmetry transformation. The anomaly 
' reflects the fact that the classical chiral symmetry may be violated by quantum corrections. At the level of the effective 
chiral Lagrangian for the pseudoscalar meson field U , anomaly no longer comes from the path integral measure. Instead 
it is due to the non-invariance of the effective chiral Lagrangian. If we denote by r e ff [U, J] the effective action for the 
h pseudoscalar meson field U and the external source J. then this non-invariance can be expressed as 

^' r eff [C7, J] - L cff [U n , Jn] = T[Sl, J] , (1) 

On" 

where Un = fitt/fit_and Jn = [QPr + fi f Pl][J + 0][QP R + fit Pi,]. L[fi, J] is the anomaly from the light quark path 
i-C ■ integral measure T)ipnDipQ — DipUip e r or the well known Wess-Zumino-Witten term. We can formally express it as 



r[fi, J] = - lnDet[(fiPR + fi t P L )(fiP fl + fitPi)] = -Trln[0 + Jn] + Trln[$ + J] , (2) 



Because for Nf light quarks, each generator of the chiral symmetry SU(Nf)i, C§> SU(Nf)n/SU(Nf)v corresponds to 
a Goldstone boson, which is treated phcnomcnologically as the physical pseudoscalar meson field, the phase angle of 
, the chiral rotation group element fi can be treated as the pseudoscalar meson field, i.e. U = fi 2 . Then comparing ([T]) 
and we can rewrite the effective action r o ff as 



r eff [U, J] = -Tr ]n[0 + J n ] + Tr ]n[0 + J] + F[U, J] F[U, J] = F[U a , Jn] (3) 

The U and J dependence for F[U, J] is not fixed by |T]), but F[U, J] is invariant on U — > Un and J — > Jn- Hence 
F[U, J] represents those chiral invariant terms. In fact Uq = il^fl 2 ^ = 1, and T c ff[Un, Jn] = Tcftll, Jn] = — Trln[^ + 
Jn] + Trln[$ + Jn] + F[Un, Jn] = F[U, J]. Note that the effective action is the path integration result for S e s[U, J], 
| the action of the effective chiral Lagrangian for the pseudoscalar meson field U and the external source J, 

S ; e -r e «[u cl ,J] = I vu e -SMu,J] Ucl{x) = / vu u{x) e -s„ tf [u,j] ^ (4) 



where the second equation gives the definition of U c i which fixes U c i as the functional of the external source J. With 
©, (0} becomes 



-Trln[0+J]-F(U cl ,J) = J VU e' Sctt[U -' J] . (5) 

Ref.[l[,0],3 choose as an approximation 

S eS ,o[U, J] = -Tr ln[0 + Jn] + Tr ln[0 + J] , (6) 
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where subscript q is used to denote the approximation. From (p}, ((3j) and ([5j), we find that under the chiral symmetry 
transformation, S c fi,o[U, J], defined in ([6]), is not invariant. Substituting (j6|) back into ([5]) and using standard loop 
expansion as developed in Ref.Q, we find F[U c i, J] is the pure loop correction from the action S e s,o[U, J]. From the 
action ©, one can calculate various low energy constants (LECs) of the effective chiral Lagrangian for pseudoscalar 
mesons. In Ref.Q, we call ([6j the anomaly approach. In our previous paper [fjj], we have shown that the finite 
order p 4 LECs of the normal part of S e s $ [U, J] are exactly canceled by the summation of all the p 6 and higher order 
terms. Eq. (|2j) further shows that even for the anomalous part, S e s,o[U,J] only contributes the Wess-Zumino-Witten 
term; it cannot produce the p e and higher order anomaly terms. This absence of the normal part and the p 6 and 
more higher order anomalous part reflects the fact that the choice of ([BJ is not correct, although it offers the correct 
Wess-Zumino-Witten term. Further, (JBJ is independent of the strong interaction dynamics, i.e., even we switch off the 
quark-gluon interaction by deleting the strong interaction coupling constant, ([BJ is not changed. These facts imply 
that we need to add some strong dynamics dependent correction term AS e s[U, J] to Sgg o[U, J] as given in (JBJ), 

S cS [U, J] = S cS , [U, J] + AS cfi [U, J] . (7) 

From (|5|_and ([BJ, we find that AS e ft[U, J], introduced in i|7"]). must be invariant under chiral symmetry transformations. 
In Refs.jT] anclQ, AS cS [U, J] is taken to be 

AS eS [U, J] = Tr\n[0 + J n + E(-V 2 )] (8) 

with S being the quark self energy satisfying the Schwingcr-Dyson equation (SDE) and V M is defined as V M = 9 M - 
This expression for AS c s[U, J] encodes the dynamics of the underlying QCD through quark self energy E and in Ref.| 
we have shown that ||5J) does not produce the Wess-Zumino-Witten term ensuring the correctness of (Q]). 

In Ref.Q, we have calculated the orders p 2 and p 4 normal part LECs in terms of the action ([7]) and (JSj) . The 
importance of knowledge of LECs of the chiral Lagrangian, especially for order p e LECs was emphasized in Ref. [T(| ■ 
Recently, in Ref.Q, we improved the computation procedure and generalized the calculations up to the order p 6 
normal part LECs. In Ref.Q, we have calculated the p 4 order anomalous part and shown that the E dependent 
coefficient generates the correct coefficient N c for the Wess-Zumino-Witten term. It is the purpose of this paper to 
calculate all order p 6 LECs for the anomalous part of the chiral La gran gian ffl) . In fact the general structure of the 



p 6 order anomalous part chiral Lagrangian was first given by Refs.[Tl| and [I2| and later clarified by Refs.|f3( and 
[l4| . Ref. [HI estimates the values of several of the order p 6 LECs for the anomalous part of the chiral Lagrangian. 
Although order p 6 LECs for the normal part of the chiral Lagrangian seem attract more attentions in the literature 
(see references given in Q), they are the next next to leading order terms. The order p 6 LECs for the anomalous part 
of the chiral Lagrangian are belong to the next leading order terms. 

This paper is organized as follows: in Sec. II, we review the calculation of the order p 4 anomalous part of the chiral 
Lagrangian in terms of the action (|7J). With the method used in section II, in Sec. Ill, we compute the order p 6 LECs 
for the anomalous part of the chiral Lagrangian, and obtain the analytical expression for the LECs in terms of quark 
self energy E. We further compute the numerical values for these LECs. We compare our results with those obtained 
in literature. Sec. IV is the summary and future directions of our work. We list some necessary tables and formulae 
in appendices. 



II. REVIEW THE ORDER p 4 ANOMALOUS PART OF THE CHIRAL LAGRANGIAN 

For the anomalous part of the chiral Lagrangian, the leading nontrivial order is p and it is the well known Wess- 
Zumino-Witten term. In Ref.0|, we have calculated the action ([7]) by several different methods and all obtain the 
same Wess-Zumino-Witten term. If we naively apply these methods to the next to leading order p e computations, 
we will find that they are too complex to be achieved even with the help of the computer. In this section, we build 
a method which is suitable to be generalized to the order p 6 calculations. The order p 4 of the anomalous chiral 
Lagrangian is here only to be used to explain our method. Ref. 1 only expresses the Wess-Zumino-Witten term in 
terms of a parameter integration. In this section, we will explicitly finish this parameter integration and show that it 
does recover the Wess-Zumino-Witten term. 

Since we are only interested in the U field dependent part of the anomalous part of the chiral Lagrangian, we can 
drop out the pure source terms. Then our choice of AS e s[U, J] in ([5]) gives the result that only E dependent terms in 
AS e s[U, J] contribute to the chiral Lagrangian, while the E independent terms in AS c ft[U, J] are completely canceled 
by the term — Tr ln[$ + Jo] in S c g : o[U, J], leaving a pure U field independent term Trln[$ + J]. So what we need to 
compute is 



S e s[U, J] = 



Tr \n[0 +J n + E(-V 2 )] - Tr \n[0 +J + E(-V 2 )] 



(9) 



S dependent 



2 



in which we have added in S e g[U, J] an extra pure source term — Trln[$ + J + E(— V 2 )] for later use, and we 

S dependent 

define V M = <9 M — iv^. Now we write f2 as = e~ l P and further introduce a parameter £ dependent rotation element 
0(t) = e~ ltl3 . With the help of the relation = fl and O(0) = 1, © becomes 



S 6 ff[tf, J] = Trln[^ + J n(t) + E(-V 2 )] 



i — 0, S dependent 



(10) 



fi-vf2(t) 



with Vj 1 = — i v n(ty ^n(t) is Jf2 with O replaced by f2(£). We decompose Jq as Jo 



so we can also decompose Jn(t) as Jfi(t) = ~~ — *^<75 ~ s t + iptjs- Result (|10p implies that our chiral Lagrangian 
can be expressed as the difference of Trln(- • • ) at £ dependent chiral rotation between £ = 1 and £ = 0. Since the £ 
dependent rotated source Jn(t) satisfies 



dJ, 



n(t) 



2 l dt 



u t = n 2 (t) , 



(ii) 



we can further proceed to express the chiral Lagrangian in terms of integration over the parameter £: 

S e s[U,J] 



r 1 d 

J dt -Trln[i0+ J n( t)+S(-V 



S dependent 



dt Tr 



rf£ Tr 



r ^<.),^(-v?), M + Jn(() + E( _ v;rl 



9£ 

2 [ d£ 



as(-v?) 

dt 



X dependent 

j 0(t) + s(-v 2 )]- 1 



S dependent 



(12) 



(fl"2j) is the main formula we rely on to calculate LECs. Ref.0] explicitly calculates the order p 4 anomalous part of the 
r.h.s. of (TT21 and finds the result 



S e fi [U, J] 



= -2N r e 



dt 



d 4 k 



(2tt) 4 

anomalous p^ U *f \ J 

x(2V?V?V?V? + 2a£<V?Vf ~ 2Vr<V t Q af + 2Vr«Vf + 2a"V?V?af - 2a?V t VV? 



gUt t / £(fc 2 )[£ 2 (fc 2 ) - fc 2 ][E(fc 2 ) - 2fc 2 E'(fc 2 )] 
~ Ut \ [£ 2 (/c 2 ) + fc 2 ] 4 



S£ 



/c 2 E(fc 2 )[£(fc 2 )-2fc 2 E'(fc 2 )] 



[E 2 (fc 2 ) + /fc 2 ] 4 

2V^V?af + 4a?VrV?af - 2<V t Wf + 2V^Vr^af ) 



(4V^VrV"Vf + 2a?<V?Vf 



(13) 



The momentum integration can be calculated analytically, because the integrand is a total derivative. The result is 



S e s [U, J] 



1 



anomalous p 



32tt 2 



d x dt tr 



ii 



~d£ 



2i 



H "t "t a t 



+ J a t V t a t + 3<a t o t < 



(14) 



where Vf" = - - and <%a% = d^a\ - i[v?,a%], Ref.[9| only gives the above result JTJl without 

finishing the integration over parameter £. Now we continue to achieve this integration, with the help of following 
relations: 



da? _ i dU t t 

dt ~ 2 [Vt dt Ut 



dU t 



ds t 
dt 

dd»a v t _ i 
~~ 2 
1 



dt ~* v * 



dt 



Ujpt] 
dU, 



di't 
dt 

dp t 
dt 



2 L * dt 1 
i. dU trrf 



dt Utatl 



dU, 
~dt 



* rrt 



U}s t ] 



(15) 



dt 

dvr 



da 



9£ 



<9£ 



* d£ * * * <9£ ' * * <9£ 



9£ 



2 L * dt 1 1 



S£ * * ' 



-^lujd^a^ + d^a^L 



- TT l 



* ' 9£ ' 



i 



■^t " r ~^^t t (^ 7 t / ^ 7 t I + a t' a t')] 



9£ 



3 



<9i * <9t u t v t a t + Q t u t a t a t a t a t Q t u t a t v t ^ u t + a t ^ U t V tJ 
and by lengthy calculations, we can rewrite ([T4"|) as 



ilous p" 



~48tt 2 



^U}R p R»R x R p t + jW^ Xp (U u l,r) 



(16) 



with V 1 = v» - a* 4 , r' 1 = v» + of, R? = u}d p U t , L% = {d»U t )U} and 



W puXp (U t , I, r) = iR p R u t R x l p + l p d u l x R p + d>*l u l x R$ - ^R?l v R x l p + r p U t l l 'R X R P U} + iR p l u l x l p + iU\r p U t d v l x l p 



+iU}r p d l, r x U t l p - il p U}r v U t l X R p t - R p t \j\d v r x U t l p + U}r p U t l v l X l p + jU t t r f *U t ru}r x U t l p 
-(U t O U2,l" o r p , L p O -R?) . 



(17) 



In Ref.@, we already show that the first term of the r.h.s. of Eq.(fT6"|) is just the Wess-Zumino-Witten term of the 
form defined on a four dimensional boundary disc Q in five dimensional space-time 



_Nc_ 
48tt 2 



d x I dt e^\ptvf 



dU, 
~dt 



l --U}R p R^R x R P 



N f 

■ .„ 9 / dY,ijki m tr AR 1 R J R R R m ] 



(18) 



with R l = Wd l U . For the second term of the r.h.s. of Eq. ([T6"|) . the integration over parameter t can be calculated 
explicitly, 



d x I dt e^xptef 



j t W»» xp (U t ,l,r) 



d 4 x e^uXptrf 



W p " Xp {U,l,r) - W" Xp (l,l,r) 



(19) 



which the just the gauge part of the Wess-Zumino-Witten term given by Ref.[13[ and [Ty]- This finishes the explicit 
calculation of the order p 4 anomalous part of the chiral Lagrangian starting from formula (|12|). We leave the order 
p e part to the next section. 



III. CALCULATION OF THE ORDER p 6 ANOMALOUS PART OF THE CHIRAL LAGRANGIAN 



In this section, we start from Eq.(fT2|) to calculate its order p 6 anomalous part of the chiral Lagrangian. For 
convenience, we change to the Minkowski space to perform our calculations. Direct computation gives the result 



S e s[U, J] 



210 „ „] 



dttTf[OZ( X ,t)] , 



(20) 



where is the coefficient in front of the operator 0^(x, t), which depends on quark self energy £(fc 2 ). The 210 
parameter t dependent operators O^f (x, t) all have the structure of 0^((x, t) = e^Xp^^U^ 0^ Xp (x, t) and O p ^' Xp (x, t) 
are order p 6 operators consisting of multiplications of various compositions of a p , V^, St and pt- In Appendix A we 
list all these operators in Table V. In obtaining (f2T)|) , we have applied the Schouten identity, which reduces the original 
total 294 operators to the present 210 operators. In the literature, the general p 6 order anomalous part of the chiral 
Lagrangian given in Ref.[13| has only 24 independent operators. For Nf = 3,2 this number reduces to 23 and five 
respectively. Specially for the case of Nf = 2, to incorporate the electro- magnetic field into the external source v 1 *, 
the original traceless property of v p must be dropped, this changes the original five independent p 6 order anomalous 
operators into thirteen. If we denote the independent operators by (x) (ojf (x) for Nf = 2) and corresponding 
coefficients in front of the operators by (c„ (x) for Nf — 2) respectively, then (f20f becomes 



Scs[U,J] 



E 



aloua p° 



d 4 x C^O™ 



(x) 



N f =2 



13 

E 



d 4 x c^o^(x) 



(21) 



Note that our starting chiral Lagrangian ([7]) only involves one trace for flavor indices. If we further apply the equation 
of motion to (|2ip . there will appear some operators with two flavor traces. Our result prohibits the appearance 
of three operators O3 ,0]^,0^, leaving 21 independent operators. This implies that our formulation gives = 



4 



Cjg = Of = 0. If we do not apply the equation of motion, there will be more independent operators and now this 
number is 23. To make our calculation more convenient, we denote these operators before applying the equation of 
motion by Of (:r) and the corresponding coefficients in front of the operators by iff ■ We list all possible Of (x) in 
the Table VI of Appendix A. With these operators, (|2"Tj) can also be written as 



S e s[U,J] 



E 



alou B p" 



d 4 x 6™{x) 



(22) 



Through using the equation of motion, we can obtain the relations among the two sets of operators Of (x) and Of ' (x) 
as follows 



Of = Of /B 
Of = Of /B 



Of = Of /B Of = Of /B Of = Of /B Of = Of /B 



O 



W 



O 



12 



o, 



01 



^10 



qW 
^16 



0\ 



qW 
^13 



Of = Of /B 
O w 

^13 



o 



11' 



OS 



of 



-0 



-o 



ir 



^20 — u 22 



of = ol 



w 

23 



o 



ir 

22 



o 



ir 

16 



-0 



w 



N f 



-0 



ir 



L/ 17 



o 



^18 — LJ 20 



° 7 N f - 



ir 



O w - O 

^23 — ^9 



W 



N f 



-0 



w 

10 J 



u 14 



o 



of 

(23) 



where Bo is the order p LEC in the normal part of the chiral Lagrangian. Here we divide Of , ••• , Of by Bo, 
making the matrices A mn introduced later in Eq. ([27[) independent of Bq. For Nf = 2, ([23)) is changed to 



Of 


= of = 


of /Bo 


of 


of 


=of/B 


of = of 


= 6 


f) w 


= --of 
2 6 


u 17 ~ °10 




u 22 


- n W 1 n W 
— °7 2 8 


f)W _ 
u 23 ~ 


o . 



ir 

10 



of /Bo 
Of =0 



Of 



O w 

Ly 12 



of = o 



°io 



O 



ir 

20 



-of /B 


of 


— o 3 


/B 


aw _ P\W 




2 ° 6 H 


-of 


W 1 W 

7 gO S 


of 


-1- on 


-2o 



6 - o 4 /B 



O 



of = 



(24) 



Direct comparison between (|2T)]) and (|2"2")l is difficult, since in ([2"(j| we have an extra integration over parameter t and 
the number of operators in ([20| is much larger than it is in (|22|) . Instead of finishing the integration over parameter 
t in (|20[) . we introduce an integration of parameter t in (|22p. Since we are only interested in the U dependent part of 
the chiral Lagrangian, adding some U field independent pure source terms in (|22|) will not change our result: therefore 
we can rewrite (|2"21 as 



S e s[U,J] 



EllDUS p" 



23 . 23 „ 

= £ /V* [Of (x) - Of (x) ] = £ / d 4 x iff [Of (*) 

1 •/ (7=1 1 J 



n=l 

23 



J2 /d 4 xXf[Of(x) 



n=l 

23 



Of (x) 



u^u t=1 



t=0 



J2UxK™ f dt ±[d™( 



U^U t=0 

(25) 



u->u t 



In expression ([25]), integration of parameter t is already present in the formula, then the only remaining problem is 
that in ([231) there are only 23 independent terms acted on by the differential of t, while in ([2"0")) there are 210 terms, 
comparing ([25]) and ([20]). we obtain 



23 210 

E^|[ofW HE^fofM). 



71=1 



(26) 



771 — 1 



Note that with the help of relation ((T5J|, Jj[Of (x) 
composition of Of (x,i), i.e. 



appearing in the above equation can be reduced to linear 



U^-Ut 



i t P™{x) 



210 



u^u t 



] — 2_j ^ n ™Of (x,i) 



(27) 



5 



with the 23 x 210 matrix A nm given by Table VII in Appendix B, Then we rearrange ([27)) by multiplying both sides 
of the equation by some 23 x 23 matrix elements C n i n , 



23 



71=1 



23 210 210 23 



(28) 

U—>U t n=lm=l m=l 



and tune C n ' n in such a way that a 23 x 23 submatrix R' is a unit matrix, i.e. R' n > m i — S n > rn i with n',m' = 
1, 3,4, 5, 6, 7, 20, 43, 44, 49, 50, 51, 52, 54, 57, 59, 62, 63, 64, 127, 128, 133, 134. The C matrix is found to be of the form 

x7 ^7x15 \ — ~ 

where C and C are 7x7 and 15 x 15 matrices respectively. The off diagonal parts are two matrices 



0l5x7 Cl5xl5 

with null matrix elements and the dimensions are 7x15 and 15 x 7. We label the dimension of the sub-matrices as 
their subscripts. C and C matrices are given in Table VIII and Table IX in Appendix B. We call the remaining part 
of R n 'm the matrix R n ' m " m" ^ m'. Then (|28| is changed to 

23 , 

Y^C m , n -[6™{x) } = 6Z(x,t)+J2R m 'm»d%,(x,t). (29) 

n=l U-yU t m " 

Multiplying both sides of the above equation by , 
23 , 

E Y, R ^ C ^n Jt [0^(x) } = J2K%6%(x,t) + EE KZRm- m -OZ'{x,t) . (30) 

m' n—1 U^Ut m ' m ' m " 

Comparing (|30]) and ([26]) . to make these two equations consistent with each other, we must have conditions, 

m' m' 

in which the second equation is a consistency check for the coefheients K^„ of the dependent operators 0^„ (x, t). We 
have checked analytically that these constraints are all automatically satisfied and this can be seen as a consistency 
check of our formulation. The first equation gives in terms of K^, and C m ' n . Substituting it in the expressions 
obtained for K^, and C m > n , we finally obtain the 23 order p 6 LECs for the three and more flavors anomalous part of 
chiral Lagrangian. 

The resulting analytical expressions for as functions of quark self energy £ are given in Appendix C. With 
given in Appendix C, we can choose a suitable running coupling constant a s (p 2 ), solve the Schwinger-Dyson equation 
numerically, obtaining the quark self energy S, and then calculate the numerical values of all order p 6 anomalous 
LECs. To obtain the final numerical result, we have assumed Fo = 87McV as input to fix the dimensional parameter 
Aqcd appearing in the running coupling constant a s (p 2 ) and taken momentum cutoff A = l.OOiQ ^QGeV. Because 
of the appearance of the divergent order p 2 LEC Bq in Eqs. ([23| and (|24]l. we need a momentum cutoff A to make 
Bo finite as we did previously in Ref.0. In Table I, we give the numerical values for all 21 nonzero LECs for three 
flavors(C , 3 V = = in our formulation). 

Combined with our numerical result, we also list the numerical estimates for some of the LECs from five different 
models and different processes given in Ref . flB] . fl7| . (lH] . fl9l] and [2(|. In Ref . [l5T| . model I and III are all from 
direct chiral perturbation(ChPT) computations, except that model I is the full ChPT result, while in model III, low 
energy experiment data are extrapolated to the high energy region; model II is the vector meson dominance model 
(VMD); model IV and V are the chiral constituent quark model (CQM) with some extrapolations included in model 
V. For a fixed model, different processes may give different results. For example, in model I for and models I and 
IV for C^, we all obtain two results from two different processes. Further, Ref . jl5| . fl9| and [2(J also give estimations 
on some combinations or ratios of LECs. We list our and their results in Table II. For Nf = 2, in Table III, we give 
the numerical values of all 12 nonzero LECs (c^, = in our formulation) which are actually of the very same structure 
as that given by [l3| . 

TABLE I. The nonzero values of the order p 6 anomalous LECs CY , CY , Cf , . . . , CY , CY , ■ ■ ■ , CYz for three flavors. 
The LECs are in units of 10" 3 GeV" 2 . The 2nd column is our result LECs with the values at A = lGeV with superscript 
the difference caused at A = l.lGeV (i.e. CY I . , ,^ ,r — CY\ . ,^ and subscript the difference caused at A = 0.9GeV 

v % IA— l.lGeV 1 IA— lGcV 7 1 

(i.e. CY\ A=0 9GcV - Cr| A= i GcV )- Thc 3rd to 7th columns arc results given in Ref. [3: (I)-ChPT, (II)-VMD, 
(III)-ChPT(extrapolation), (IV)-CQM, (V)-CQM(extrapolation). The 8th column shows results from Ref . , [3 , QJ] , [H . 
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n 


C™ ours 


[15] (I) 


[15] (II) 


[15] (HI) 


[15] (IV) 


[15] (V) 


[17], [18], [19], [20] 


1 

2 


A O7+0-55 
+ - J '-0.79 
_1 4Q+O.IO 


-0.32 ± 10.4 




0.78 ± 12.7 


4.96 ±9.70 


-0.074 ± 13.3 




4 


— Qfi+0- 22 
u - yD -0.29 


0.28 ±9.19 




0.67 ± 10.9 


6.32 ± 6.09 


-0.55 ±9.05 




5 
6 
7 

8 


2fi +0.34 
J - zu -0.49 
f) 01 +0 03 
u - Ji -0.04 

l- 68 +a3i 
41 + - 01 

u - + 1 -0.02 


28.50 ±28.83 

0.013 ± 1.17 
20.3 ± 18.7 
0.76 ±0.18 




9.38 ± 152.2 


33.05 ±28.66 
0.51 ±0.06 


34.51 ±41.13 


0.1 ± 1.2 
0.1* 
0.58 ±0.20 
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10 
11 
12 
13 
14 
15 
16 
17 
19 
20 
21 
22 


1 ir.-0.03 
1 - 1J +0.03 

^°- 18 +o:oi 

1 1 r+0.08 
i - lo -0.10 

d - lo +0.25 

°- J '+0.31 

-2 nn -0 06 
4 17+0.12 

+ - i '-0.20 

ro+0.10 
°-°°-0.17 

1 qe+o.06 
1 - yo -o.io 

29+ 01 
u - za -o.oi 

1 oq+0.05 
1 - oo -0.09 

2.481°;°^ 
r. m + 014 

°- ui -0.24 


-6.37 ±4.54 

-74.09 ±55.89 
29.99 ± 11.14 
-25.30 ±23.93 

6.52 ±0.78 


-20.00 
-6.01 
2.00 

8.01 


-8.44 ±69.9 
0.72 ± 15.3 
-3.10 ±28.6 


-0.00143 ±0.03 

14.15 ± 15.22 
10.23 ±7.56 
19.70 ±7.49 

3.94 ±0.43 


-7.46 ± 19.62 
-0.58 ±9.77 
8.89 ±9.72 


0.5* 
0.68 ±0.21 

5.4 ±0.8 


23 


9 7/ |+0.08 
z - '+-0.13 


5.07 ±0.71 






3.94 ±0.43 







* This result is just the absolute value given in Ref. [l9| . 



TABLE II. Some combinations or ratios of LECs in units of 10 3 GeV 2 . The 2nd column is our result LECs 
with the values at A = lGeV, and with superscript the difference caused at A = l.lGeV and subscript the difference 
caused at A = 0.9GeV. The 3rd to 5th columns are results given in Ref.QJ]: (I)-ChPT, (II)-VMD, (III)-ChPT 
(extrapolation), (IV)-CQM, (V)-CQM (extrapolation). The 6th and 7th columns are results given in Ref. [3] 
and [Sfj] respectively. 





ours 


[15] 


[15] 


[15] 


m 


m 


qW _ (jW 


-0 Qi-° 03 

u - al +0.04 


21.67 ± 17.41 (I) 


5.07 ±5.07 (IV) 


-2.14 ±6.54 (V) 








O qr,+0.29 


-244.7 ± 148.4 (I) 


« 8.0 (II) 


-17.52 ± 188.3 (III) 






zo 14 — o 13 


9 QQ+0.07 
z -°°-0.12 


134.1 ±78.17 (I) 


« 8.0 (II) 


9.88 ± 100.5 (III) 






\cy\/\c?\ 


4 i2-° 69 

+- lz + 1.01 








0.2 


< 0.1 



TABLE III. The nonzero values of the p 6 order anomalous LECs , ■ • ■ , Cn , cj^ for two flavor in units of 10 3 GeV 





c 2 


c 3 


r W 


C W 


c 6 




c 8 


c 9 


L 10 


c w 
c ll 


c 13 


-1 46+ ' 10 


9t -+0.09 


2 PR" ' 20 
z ' yD +0 .25 


U - D,3 +0.0S 


-1 1 7 +0.08 
i - 1 '-0.10 


n 77 +0.2(i 
u -' '-0.36 


n n 4 -0.00 

u - U4 +o.oo 


u - uz -o.oo 


iq+0.23 
°' ly -0.38 


70-O.24 
°- '°+0.41 


4 - 8t) -0.23 





We see that most of our results are consistent with those we have found in the literature. 

As a phenomenological check for two flavor anomalous LECs, we discuss the n° —> 77 process. Ref. [13] gives the 
amplitude of this process by 

rp 1/1 ^™2/ a Wr a Wr , Wr\ , ^4 ^ Wr , r, / Q o\ 

Tlo+nlo = -pj ^-j + ym 7r (-4c 3 -4c 7 + c u ) + -^B(m d - m„)(5c 3 + c r + 2c 8 U. (32) 

In our calculation, we choose the center value B(m,i — m u ) = 0.32m 2 . o given in Ref. (20j . Experimentally, the it — > 77 
process dominates the life time of rr to 98.79%, and if we ignore that small fraction from other processes, then the 
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life time of 7T° can be expressed in terms of amplitude T as 1/t = nam^T 2 j '4. In Table IV we give our result for 
Tlo up to the leading order p 4 , which corresponds to the first term of the r.h.s of Eq. (|32| . and tnlo up to the next 
leading order p 6 of the low energy expansion. Experimental result from particle data group [U is also included in the 
table for comparison. 

TABLE IV. 7T° life time in units of l(T 17 s. 





TLO 


tnlo 


F = 87MeV 
F = 93MeV 


7.56 
8.63 


7 KO-0.03 
' - o9 +0.04 

8.67^ : g 


Exp.[21J 


8.4 ±0.6 



Our result roughly matches the experimental value and we see that the order p e results have less effect on the life 
time of 7T°. 



IV. SUMMARY AND FUTURE WORK 



In this work, we review the general anomaly structure of the effective chiral Lagrangian and then generalize our 
order p 6 calculation in Ref. from the normal part to the anomalous part of the chiral Lagrangian for pseudoscalar 
mesons. The result is obtained by computing the imaginary £ dependent part of Trln[$ + Jq + £(— V 2 )]. To 
match the calculation of the order p 4 anomalous part, in practice we calculate the integration of parameter t over 
■^Tr\n[i0 + Jfi(t) + £(— V 2 )]. The conventional chiral Lagrangian is also reformulated to an integration of t and 
through comparison of it with our result, we read out all order p 6 anomalous LECs expressed in terms of quark self 
energy S. Inputting the SDE solution of £(fc 2 ), we obtain numerical values and compare them with those we can find 
in literature. Some of them are consistent, some are not. We leave those inconsistent results to future investigations. 
Combined with the previous result on the order p 6 normal LECs given in Ref.Q, we have now completed all the 
order p e LECs computations. Based on them, one direction of the further research is to apply the order p 6 chiral 
Lagrangian to various pseudoscalar meson processes and discuss the corresponding physics. Another direction is to 
improve the precision of (0 and our ladder approximation SDE. With these improvements, we expect a more precise 
estimation on all LECs in future. 
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Appendix A: List of All Operators 0£" p and O" 

In this appendix, we first explicitly write down all 210 O piyAp operators. To save the space, we use some simplified 
symbols to represent the original symbols in the text. Our 0% vXp s are constructed in such a way that they are 
invariant under charge conjugation transformation. This causes the result that most of 0% p s consist of two terms 
which are charge conjugates to each other. 



E V. fi = V£\ 


7< — Y7 LJ \ — V7 

V = , A = V 






— \ — -A 


p = 


a£, s = s t , p = 


■ (T 


•••V7---V ; .. T 


■ • • a • * • a = • • 


•a? 




• a = 


E..-V f CT ---a t)(T , 




a • • • a = • ■ • a a t ■ 


n 








n 










QflU\p 


1 


^ — 

SpvXp 4 LLI/ApS 


A ^ 
40 


pvXpa (7 4 aapvXp 


85 


pavXpa + apvXap 


127 


— 

pv X pa a ~\~ a a pv Xp 


169 


— Y - — 2 — 

pv Xa a p 4 W O" a v Xp 


2 


psvXp 4 pvXsp 


44 


pV Xa pa 4 a pavXp 


86 


pavXap + pavXap 


128 


pvXapa -\~ apavXp 


i 7n 

1 f u 


pva Xpa 4 a pva Xp 


3 


pvsXp 


A K 

40 


pvXaap 4 paavXp 


87 


p.avaXp + pnvaXop 




pvXaap -\~ paavXp 


171 


pva Xa p 4 pava Xp 


4 


SpvXp -\~ pvXpS 


A d. 
40 


pvaXpa 4 apvaXp 


88 


p,<7<7vXp + pvXaap 


lOU 


pvaXpa -\~ a pvaXp 


172 


pav Xpa 4 apvXap 


5 


spvXp 4 pvXps 


A 7 
4 1 


p v a X a p 4 pavaXp 


89 


p.vXpaa + aapuXp 


131 


pva Xa p ~\- pa v a Xp 


173 


pvXpaa 4 cr cj pv Xp 


6 


spvXp 4 pvXps 


A Q 


pGvXpG -f- OpvXop 


90 


pvXopo + apavXp 


132 


pvaaXp -f" pvaaXp 


1 7/1 
1 f 4 


pvXapa 4 apavXp 


7 


spvXp 4 pvXps 


A Q 
4y 


p,vXpO<7 -\- <7<JpbVXp 


91 


p,v\aa p + poavXp 


loo 


pavXpa -\- apvXap 


i 7i=; 

I/O 


pv Xa a p 4 paavXp 


8 


spvXp 4 pvXps 


OU 


p,L'X(T p(T -f- (7 p.CT'uXp 


92 


p,vaXp<7 + aplvaXp 


104 


pavXap -j- pavXap 


1 7fi 
I/O 


pvaXpa 4 apvaXp 


9 


spvXp 4 pvXps 


01 


puXcTCT p -J- pO (JvXp 


93 


pvaXap + p,<7v<7Xp 


lOO 


pavaXp 4 pvaXap 


1 77 
1 f / 


pvaXap 4 pavaXp 


10 


fisisAp 4 pvXsp 


OZ 


pLVcrXpo -f- crp.'uo'Xp 


94 


p,vaaXp + p,vaaXp 


lOO 


paavXp 4 pvXaap 


1 7R 
I/O 


pvaaXp 4 pvaaXp 


11 


psvXp 4 pvXsp 


OO 


pLVtj Act p -I - p(7U(7 Xp 


95 


pavXpa -f apvXap 


137 


pv Xpa a 4 o" pv Xp 


179 


pavXpa 4 apvXap 


12 


psvXp 4 pvXsp 


^/1 

04 


p,U(J(jXp ~\~ pU(7<jXp 


96 


pavXa p -f pavXap 


138 


pv Xa pa 4 a pa v Xp 


180 


pa v Xa p 4 pa v Xa p 


13 


psvXp 4 pvXsp 


55 


p,(7vXp<7 -\- O piVXo p 


97 


p.avaXp + pivaXap 


ioy 


pvXaap 4 paavXp 


1 si 

lol 


pavaXp 4 pva Xa p 


14 


psvXp 4 pvXsp 


OD 


p,(7vX<7 p -\- p,OvX<J p 


98 


paavXp + pvXaap 


140 


pvaXpa 4 a pva Xp 


182 


paavXp 4 pvXaa p 


15 


psvXp -\- pvXsp 


/ 


p,<7v<jXp ~\- p,v <jXo p 


99 


pvXpaa + aapvXp 


141 


pvaXap 4 pavaXp 


lOO 


pv Xpa a 4 aa pv Xp 


16 


pvsXp -\~ pvsXp 


Oo 


p,(7<7vXp -\- p,vX(J(Jp 


100 


pvXa pa + ap.avXp 


142 


pvaaXp 4 pvaaXp 


184 


pvXapa 4 a pav Xp 


17 


pvsXp 4 pvsXp 


59 


puXpCTCT -f- (7<Jp,vXp 


101 


pvXaap + paavXp 


140 


pavXpa 4 apvXap 


IOC 
lOO 


pvXaa p 4 paavXp 


18 


fJrl/SAp 


60 


pivX(7 p(7 -f- O p,<JvXp 


102 


pvaXpa + apvaXp 


144 


pavXap 4 pavXap 


loO 


pva Xpa 4 a pva Xp 


19 


pvsXp 


61 


pivXoop -f- po o vXp 


103 


p,vaXap + p,avaXp 


140 


pavaXp 4 pvaXap 


1 H7 
lo ( 


pva Xa p 4 pava Xp 


20 


spvXp 4 pvXps 


oz 


pvcrXpo -\- (TpvcrXp 


104 


pavXpa + apvXap 


146 


paavXp 4 pvXaap 


loo 


pvaaXp 4 pvaaXp 


21 


psvXp 4 pvXsp 


Do 


pLVCJ X <7 p -f- p<7V<jXp 


105 


pvXpaa + aapvXp 


1/17 
14 f 


pvXpaa 4 aapvXp 


ioy 


pav Xpa 4 apvXap 


22 


pv s X p 


04 


pLV<J(jXp -f- pVO G Xp 


106 


pvXapa + apavXp 


148 


pvXapa 4 apavXp 


i on 
iyu 


pav Xa p 4 pavXa p 


23 


ppvXp — pvXpp 


65 


p,GvXp<j -\- opvXop 


107 


pvXaap + paavXp 


149 


pv Xa a p 4 paavXp 


1 Q1 

iy i 


pav a Xp 4 pvaXap 


24 


ppvXp — pvXpp 


66 


p,(7vXo p -\- p,OvX(7p 


108 


pvaXpa + apvaXp 


lOU 


pv a Xpa 4 apvaXp 


192 


paavXp 4 pv Xa a p 


25 


ppvXp — pvXpp 


67 


p,<7V(J Xp -f- pUCT X(T p 


109 


pvaXap + pavaXp 


101 


pv a Xa p 4 pavaXp 


iyo 


pvXpaa 4 aa pv Xp 


26 


ppvXp — pi\j\pp 


Oo 


p,(7<7vXp ~\- p,vX(J(Jp 


110 


pvaaXp + pvaaXp 


152 


pvaaXp 4 pvaaXp 


194 


pvXapa 4 a pav Xp 


27 


ppvXp — pvXpp 


69 


p,vXpO (7 ~\- (7(7 piVXp 


111 


pavXpa + apvXap 


lOO 


pav Xpa 4 apvXap 


iyo 


pv Xa a p 4 paavXp 


28 


ppvXp — pvXpp 


70 


p,vX<7 p<7 -\- Op,(7vXp 


112 


pavXap + flavXap 


104 


pavXap 4 pavXap 


1 Ofi 

iyo 


pva Xpa 4 cr pva Xp 


20 


ppvXp — pvXpp 


71 


p,uX(7 (7 p -\~ pO <7vXp 


113 


pavaXp + pivaXa p 


lOO 


pavaXp 4 pvaXap 


1 Q7 

iy / 


pva Xa p 4 pava Xp 


30 


ppvXp — pvXpp 


72 


pLVcrXpo -\- apvaXp 


114 


paavXp + flvXaap 


156 


paavXp 4 pvXaap 


198 


pavXpa 4 a pvXap 


31 


pvpXp — pvpXp 


73 


pvaXap + pavaXp 


115 


pvXpaa + aapvXp 


157 


pvXpaa 4 aapvXp 


199 


pvXpaa 4 aapvXp 


32 


pvpXp — pvpXp 


74 


p,vaaXp + pvaaXp 


116 


pvXapa + apavXp 


158 


pvXapa 4 apavXp 


200 


pvXapa 4 apavXp 


33 


ppvXp — pvXpp 


75 


p,avXpa + apvXop 


117 


pvXaap -j- paavXp 


159 


pvXaap 4 paavXp 


201 


pvXaap 4 paavXp 


34 


ppvXp — pvXpp 


76 


p,avXap + povXap 


118 


pvaXpa + apvaXp 


160 


pvaXpa 4 apvaXp 


202 


pvaXpa 4 apvaXp 


:i. r i 


ppvXp — pvXpp 


77 


puGvaXp + puVaXap 


119 


pvaXap 4- pavaXp 


161 


pvaXap 4 pavaXp 


203 


pvaXap 4 pavaXp 


36 


ppvXp — pvXpp 


78 


puaavXp + puXaap 


120 


pavXpa + apvXap 


162 


pvaaXp 4 pvaaXp 


204 


pavXpa 4 apvXap 


37 


ppvXp — pvXpp 


79 


pLvXpcrcf + aapvXp 


121 


pvXpaa + aapvXp 


163 


pavXpa 4 apvXap 


205 


pvXpaa 4 aapvXp 


38 


ppvXp — pvXpp 


80 


pivXapa + op.avXp 


122 


pvXapa + apavXp 


164 


pavXap 4 pavXap 


206 


pvXapa 4 apavXp 


39 


ppvXp — pvXpp 


81 


puvXoop + \iaavXp 


123 


pvXaap + paavXp 


165 


pavaXp 4 pvaXap 


207 


pvXaap 4 paavXp 


40 


ppvXp — pvXpp 


82 


puvaXpa + ap,vaXp 


124 


pvaXpa + apvaXp 


166 


paavXp 4 pvXaap 


208 


pvaXpa 4 apvaXp 


41 


pvpXp — pvpXp 


83 


p,v<7X<7p + pauaXp 


125 


pvaXap + pavaXp 


167 


pvXpaa 4 aapvXp 


209 


pvaXap 4 pavaXp 


42 


pvpXp — pvpXp 


84 


pvaoXp + pvaaXp 


126 


pavXpa + apvXap 


168 


pvXapa 4 apavXp 


210 


pavXpa 4 apvXap 



Pi 

■v t „ 
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Next, we list all 23 operators. 

TABLE VI. List of Of operators, where we divide Of , Of by Bo making the matrices A mn introduced 



in Eq.(36) independent of Bq. The symbols are introduced in Ref . [22| . The comparisons between 
the symbols introduced in Ref.[z| and ours are given in Table XV. of Ref.[(|. 



TL 


n w 

u n 


TL 




1 
1 






4lfP V n u X hP a \e ■. 4 1 fP V h Xa 11P11 \c 

~ l \J+ u <j u n i^pvXp — l \J+ n u u a )e^y\ p 


9 


/„/l„l' v f X P\c ■. /R n loi^oi" f Xp v , \e \ /R„ 
(W^U X+J- )tpLv\pl DQ — [U^U J_ X+) e pv\pl DO 




4/ ft" / n^hP a '»i \c ■. ilfP v 11 /iAct p\ 


Q 
O 


/fA" y „,A p \ / R„ 4- / f ^"-v n X iiP\f > /R„ 




4l fP v ti^nPh \e ^ -1- 41 P LV h a ii X iiP\e 
l \J+ u u n a)£p,vXp T '\/+ n a 11 u l e pvXp 


4 


— /f MIy 7/ A V 7/P\f \ /Rn 

U+ u A— u /tfiv\pl I ->Q 




—HfP v n x h <y iiP\f \ 
t \J+ a 11 a a l^-pvXp 


5 


i(f+ ' f+ P X-)(-^\p/B 


17 


^f+yu x f°)e pvXp + i{.flJ™u x uP)e pvXp 


6 


i(rf* P X-K„Xp/B 


18 


i</r«"««r/^>^Ap - iifTf^u^e^xp 


7 


i{ft v ft P X+)^X P /B - i(t + v x+f- P )^Xp/B 


19 


-i(f^u»f Xp u a )e p „ Xp + i{f^u a r_ x uP)e^ Xp 


8 




20 




9 


^u v u x uPh a a )e pvXp 


21 


-(u»\7 a f^f X P)e p „ Xp - {u»r_ x V a De p „ Xp 


10 


{u a u^u x fP_ a )e^ Xp - ( U Pu"u\i a fP a )e^xp 


22 


{f^f X + p h° a )e, uXp 


11 


(u 2 uP>u» f Xp )e pvXp - (uPu»u 2 f Xp )e^x p 


23 


(h°J» v f- P )^x P 


12 


i(f^u»u x hP a )^ uXp + i{fP a h» a u x uP)e puXp 
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Appendix B: A, C and R matrices 



In this appendix, we give matrix A nm , C m i n and R m 'm- For convenience of writing, in practice, we do not write A 
matrix, but its transverse A T multiplied by — i. 



TABLE VII. - i(A T ) mn matrix 



tci. n 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


21 


22 


23 


1 














32 





32 


















































2 







































































3 




















-64 


















































4 








-32 





-32 





-32 


















































5 

















-32 


32 


















































6 





-32 











-32 


32 


















































7 











-32 





-32 


32 


















































8 





-32 











-32 


32 


















































9 





32 


-32 





-32 





-32 


















































10 





-32 

































































11 





-32 

































































12 







































































13 







































































14 





32 

































































15 





32 

































































16 





-32 














64 


















































17 





32 














-64 


















































18 





64 














-64 


















































19 




















-64 


















































20 


-32 


-32 


64 


32 


32 





32 


















































21 







































































22 





64 














-64 


















































23 














-32 





-32 


















































24 








-32 





-32 





-32 


















































25 

















-32 


32 


















































26 











-32 





-32 


32 


















































27 








-32 






























































28 







































































29 











-32 



























































30 








32 






























































31 














-32 


32 





















































32 








-32 





-32 


32 





















































33 





32 











32 


-32 


















































34 





32 











32 


-32 


















































35 





-32 


32 





32 





32 


















































36 


-32 


-32 


64 


32 


32 





32 


















































37 


-32 





32 


32 



























































38 







































































39 











-32 



























































40 


32 





-32 


-32 



























































41 


32 





-64 





-32 


32 





















































42 








-32 





-32 


32 





















































43 



























































8 





-64 





44 



























































-24 





32 





45 



























































24 











46 



























































-8 





-32 





47 



























































-8 











48 

































































32 





49 






































32 




















8 





-32 





50 



































-8 


16 











8 


-16 

















51 



































8 


-48 





-32 





-8 








-8 











52 



































8 














-8 








8 


8 








53 



































-16 


32 











16 











-16 








54 



































-8 


16 











-8 








-8 


16 








55 


























I) 

















32 








16 











-32 






12 



TABLE VII (continued). - i(A T ) mn matrix 



m, n 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


21 


22 


23 


56 



































8 


-48 





-32 





-8 














32 





57 



































24 


-16 





32 





8 








16 





-32 





58 



































-16 








-32 














-8 





32 





59 






































-16 


32 





32 




















-32 


60 






































-16 




















8 











61 






































32 





32 














-8 


8 








62 









































16 











-16 


-16 


-24 


16 








63 



































8 


-16 


16 








8 





16 


24 


-32 








64 



































8 


-16 











-8 








-16 


24 


32 


-32 


65 









































-16 











16 


16 


16 








-32 


66 



































-8 


16 


-16 








-8 





-16 


-16 








32 


67 



































-8 


16 











8 








8 


8 





-32 


68 






























































-8 





32 


69 









































-32 


-64 


-32 





-16 





-8 


-8 


64 


32 


70 



































-8 


80 





64 





8 








16 


8 


-64 





71 



































8 


-32 











-8 


16 





-8 











72 



































-40 


16 


-16 


-64 





-8 





-16 


-40 





64 





73 



































24 





-16 








8 


-16 


16 


48 


-8 








74 



































-32 


32 





-32 














-40 


8 


32 


-32 


75 



































32 





16 


64 











16 


24 





-64 


-32 


76 



































-16 





16 














-16 


-24 








32 


77 



































16 


-32 




















16 


8 





-32 


78 






























































-8 





32 


79 









































-16 











16 


16 


16 








-32 


80 









































16 











-16 


-16 


-24 


16 








81 



























































8 


-8 








82 






































-16 




















8 











83 



































8 





-16 








-8 


16 


16 





-8 








84 



































-8 





16 








8 


-16 


-16 





-8 


-32 


32 


85 






































-16 


32 





32 




















-32 


86 



































8 











-32 


8 


-16 














32 


87 



































-8 











32 


-8 


16 








16 





-32 


88 









































-32 


-32 


-32 














-8 





32 


89 









































16 











-16 


-16 





-32 





96 


90 



































8 


-16 


16 








8 





16 


-8 


48 





-64 


91 



































-8 











32 


-8 


16 





8 


-16 








92 



































8 


-16 











-8 











-24 





64 


93 



































-8 





16 








8 


-16 


-16 





8 








94 



































16 





16 


32 











16 





-16 


-32 


32 


95 






























































8 





-96 


96 






























































-8 





32 


97 






























































24 





-32 


98 






























































-8 





32 


99 



































-16 





-16 


-32 











-16 





-24 


32 


32 


100 



































8 














-8 











24 





-32 


101 



































8 





-16 





-32 


8 





16 


-8 











102 



































-8 


16 


16 








8 


-16 


-16 





-8 





32 


103 



































-8 


16 


-32 








-8 


16 





8 











104 




































































-32 


105 












































32 








16 











-32 





106 



































8 














-8 








8 


8 








107 



































8 














8 


-16 








-8 








108 



































-8 


16 











8 


-16 

















109 



































-16 














-16 


32 





-16 











110 



































8 














8 


-16 





16 


-8 








111 






































32 




















8 





-32 





112 



































-8 


16 











8 


-16 





-8 





32 





113 



































8 














-8 











8 


-32 





114 












































32 








16 











32 






13 



TABLE VII (continued). - i(A T ) mn matrix 



m, n 


1 


2 




4 


5 


(i 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


21 


22 


23 


115 






































-16 


-32 


-32 


-32 











-8 


-8 


32 


32 


116 



































-8 











32 


-8 


16 





8 


24 





-32 


117 



































-8 


16 











8 











-16 








118 



































8 











-32 


8 


-16 





-8 


8 





32 


119 



































8 


-16 











-8 




















120 






































-32 


32 





32 




















-32 


121 



























































8 





-64 





122 



























































-24 





32 





123 



























































24 











124 



























































-8 





-32 





125 



























































-8 











126 

































































32 





127 























16 





16 





-16 


-16 


16 


-32 








-16 


-16 


-24 





32 





128 























-16 





-16 


-32 


8 


16 


-16 








8 


16 


16 


24 


-8 








129 
































-32 


8 














-8 


16 








8 








130 























-16 





-16 


32 


-8 


32 


-16 








-8 





16 


-16 


16 








131 























32 





32 





-16 





32 








16 


-32 


-32 





-16 








132 























-16 





-16 


32 


8 


16 


-16 








-8 





16 





8 








133 























-48 


-32 


16 


-32 


-16 


16 


-48 


-64 


-32 








-16 





-16 


32 





134 























16 


32 


-16 





8 


32 


16 


64 


32 


-8 


16 


16 





16 


-32 





135 


























-32 








-8 


-32 





-64 


-32 


8 


-16 





-8 


-8 


32 





136 























64 


64 








16 





64 


96 


64 











8 





-32 





137 
































64 




















-32 








-8 





32 


138 
































-32 




















16 








-8 








139 























-16 





-16 


-32 





16 














16 








16 








140 























16 





-16 


32 





-16 


16 














16 


-16 


24 








141 























-32 





32 





8 


16 


-16 








8 


-32 


-16 


24 


-32 








142 


























-32 








-24 


-32 





-64 





-8 


16 





-24 


16 


32 


-32 


143 























16 





16 








-16 


16 











-16 


-16 





-24 





32 


144 























-16 





-16 


-32 


8 





-16 








-8 


32 


16 





24 





-32 


145 























-16 





-16 


32 


-8 


16 











8 


-16 








-8 





32 


146 























-48 


-32 


16 


-32 





16 


-32 


-32 


-32 




















-32 


147 























16 





16 








-16 


16 











-16 


-16 





-24 





32 


148 























16 





-16 


32 





-16 


16 














16 


-16 


24 








149 























16 


32 


-16 








16 





32 


32 





16 





16 











150 
































-32 




















16 








-8 








151 























32 





32 





8 


-32 


16 








-8 


-16 


-16 





-8 








152 























16 


32 


-16 





24 


16 


16 


64 





8 





16 


8 





-32 


32 


153 
































64 




















-32 








-8 





32 


154 
































-32 


-8 


16 











8 


16 








8 





-32 


155 























16 





-16 


32 


-8 














-8 








-8 








32 


156 























16 





16 








-16 





























-32 


157 























-48 


-32 


16 


-32 


-16 


16 


-48 


-64 


-32 








-16 





-16 


32 





158 























-16 





-16 


32 


-8 


32 


-16 








-8 





16 


-16 


16 








159 


























-32 








8 


-48 





-32 


-32 


8 








8 











160 























-16 





-16 


-32 


8 


16 


-16 








8 


16 


16 


24 


-8 








161 























-32 





32 





-16 


32 


-32 








-16 





-32 


-16 











162 























-16 





-16 


-32 


-8 


32 


-16 








8 


16 


16 


8 











163 























16 





16 





-16 


-16 


16 


-32 








-16 


-16 


-24 





32 





164 























16 





-16 


32 


24 


-32 


16 


32 





8 





16 


24 





-32 





165 
































-32 


8 


-48 





-32 





-8 


16 





-8 





32 





166 
































64 











32 








-16 











-32 





167 























48 


64 


-16 


32 


32 


16 


48 


128 


64 








16 


32 





-64 





168 


























-32 





32 


-16 


-32 





-64 


-32 





-16 





-32 





32 





169 























16 





16 


-32 





-16 


16 














-16 














170 























16 


32 


-16 


32 


16 


16 


16 


64 


32 








16 


16 





-32 





171 
































-32 




















16 

















172 























-64 


-32 








-16 


32 


-64 


-64 


-32 

















32 





173 









































-32 


-64 


-32 





-16 





-8 


-8 


64 


32 



14 



TABLE VII (continued). - i(A T ) mn matrix 





x 


9 


3 


4 


5 





7 


§ 


9 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


21 


22 


23 


17 A 


n 


o 





o 


o 








o 


Q 


o 


o 


g 


80 


o 


64 


Q 


g 








16 


g 


— 64 





175 


n 


o 





o 


o 








o 


Q 


o 


o 


g 


32 


o 


o 


Q 


g 


16 





g 











176 


Q 


n 


o 





o 








o 


Q 


o 


o 


40 


16 


2g 


— 64 


Q 


g 





2g 


—40 





64 





177 


n 


o 


o 


o 





o 





o 


Q 


o 


o 


24 


o 


— 16 


o 


Q 


g 


— 16 


16 


48 


— 8 








178 


n 


o 





o 


o 


o 





o 


Q 


o 


o 


— 32 


32 


o 


— 32 


Q 


o 








— 40 


g 


32 


32 


179 


o 


o 










o 





o 


g 


o 


o 


32 


o 


16 


64 


Q 


Q 





16 


24 





— 64 


32 


ISO 


o 








o 


o 


o 


(j 


o 


Q 


o 


o 


— 16 


o 


16 


o 


o 


o 





— 16 


— 24 








32 


181 


o 


o 





o 


o 


o 


(j 


Q 


Q 


o 


o 


16 


— 32 


o 


o 


Q 


Q 








16 


g 





— 32 


182 


g 


o 





o 


o 


o 


(j 


o 


Q 


o 


o 


o 


o 


o 


o 


Q 


o 











—8 





32 


183 


Q 


n 








o 







o 


Q 


o 


o 


o 


o 


16 


o 


Q 


Q 


2g 


20 





32 





96 


184 


o 








o 





o 


(j 


o 


Q 


o 


o 


g 


— 16 


16 


o 


o 


g 





16 


—8 


48 





— 64 


185 


n 


n 







o 








o 


Q 


o 


o 


g 


o 


o 


Q 


32 


g 


16 





g 


26 








186 


n 


o 





o 


o 








o 


Q 


o 


o 


g 


2g 


o 


Q 


Q 


g 











— 24 





64 


187 


Q 


n 








o 







o 


Q 


o 


o 


g 


o 


16 


o 


Q 


g 


2g 


2g 





g 








188 


o 





Q 


o 




o 





Q 


Q 


o 


o 


16 


Q 


16 


32 


Q 


Q 





16 





— 16 


32 


32 


189 


o 








Q 










Q 


o 


Q 


o 


Q 


Q 


Q 


o 


Q 


Q 











g 





gg 


190 


o 





Q 


Q 




o 





Q 


Q 


Q 


o 


o 


o 


Q 


Q 


Q 


Q 











g 





32 


191 


o 



















Q 


Q 


o 


Q 


o 


Q 


Q 


o 


Q 


Q 











24 





32 


192 


o 






o 


o 


o 


(j 


o 


Q 


o 


o 


o 


Q 


Q 


o 


Q 


Q 











— 8 





32 


193 


o 


o 





o 


o 


o 


(j 


Q 


o 


o 


o 


— 16 


o 


— 16 


— 32 


Q 


Q 





— 16 





— 24 


32 


32 


194 


o 











o 







o 


o 


o 


o 


g 


o 


o 


o 


Q 


g 











24 





32 


195 


o 


o 


(j 


o 


o 


o 


(j 


Q 


o 


o 


o 


g 


o 


— 16 


o 


— 32 


g 





16 


—8 











196 


o 


o 








o 








o 


o 


o 


o 


g 


16 


16 


o 


Q 


g 


2g 


26 





g 





32 


197 


o 


o 





o 


o 










o 


o 


o 


g 


16 


32 


o 


Q 


g 


16 





g 











198 


o 










o 











o 


o 


o 


o 


o 


o 





Q 




















32 


199 


o 







o 


o 








Q 


o 


o 


o 


o 


2g 


32 


32 


32 











—8 


—8 


32 


32 


200 


o 













o 








g 


o 


o 


— 8 


o 


Q 





32 


— 8 


16 





g 


24 





32 


201 


o 








Q 




o 





o 


o 


o 


o 


— 8 


16 


Q 


Q 


o 


g 











26 








202 










Q 




o 








o 


o 


o 


g 


o 


Q 


o 


32 


g 


2g 





g 


g 





32 


203 








(J 











(J 














8 


-16 











-8 




















204 








(J 











(J 

















-32 


32 





32 




















-32 


205 








(J 











(J 


48 


64 


-16 


32 


32 


16 


48 


128 


64 








16 


32 





-64 





206 


























-32 





32 


-16 


-32 





-64 


-32 





-16 





-32 





32 





207 








(J 











(J 


16 





16 


-32 





-16 


16 














-16 














208 























16 


32 


-16 


32 


16 


16 


16 


64 


32 








16 


16 





-32 





209 
































-32 




















16 

















210 























-64 


-32 








-16 


32 


-64 


-64 


-32 

















32 






From (|28|) . C matrix is consist of two sub- matrices C and C . C matrix is 



TABLE. VIII C m > n matrix 



m', n 


1 


2 


3 


4 


5 


6 


7 


1 


i 

32 





i 

32 





i 

32 








3 














i 

64 


i 

64 


i 

64 


4 


i 

16 





i 

32 














5 





i 

32 





i 

32 





i 

32 





6 


i 

32 


i 

32 

















7 


i 

32 








i 

32 











20 


i 

32 





















15 



C matrix is 



TABLE. IX 



C m i n matrix 



m , n 



10 



11 



12 



13 



14 



15 



16 



17 



18 



19 



20 



21 



22 



23 



43 
44 
49 
50 
51 
■52 
54 
57 
59 
02 
63 
64 
127 
128 
133 
134 



19/ 
160 
31i 
320 



16 



5i 
64 

Hi 

32 
Hi 

32 

Hi 

64 





3,2 



i 

3,2 

i 

32 

i 

' 32 
i 

_a2_ 



lli 
80 

3i 



19i 
' 160 
21/ 



13/ 
160 
17/ 



3i 



20 

Hi 

3,2 



Hi 

32 

Hi 

16 

i 

32 

i 

32 



3,2 

i 

3,2 





32 
/ 

3,2 

i 

_Lii 



320 

Hi 

32 


Hi 

04 

_Hi 

32 

Hi 

32 
7i 
64 



i_ 

32 

i 

32 



i 

3,2 



320 



SO 
3/ 
160 



7i 
160 
13/ 



9/ 
160 
11; 



160 
Hi 



13/ 
' 80 
17/ 



Hi 

40 



32 



Kill 



320 



32D 



32 

i 

3,2 



_32. 



16 


Hi 

64 

Hi 

32 

i 

32 
64 






' 32 



32 






16 



i 

32 




32 












3,2 

















3,2 



32 

i 

64 
/ 

' 16 

i 

16 

! 

64 





32 

! 

32 





16 


Hi 

64 

! 

16 

i 

' 32 
/ 

64 












320 



i 

32 

i 

64 

i 

32 



i 

64 

i 

32 
i_ 

32 


32 
i_ 

32 








160 

i 
8 



Hi 

32 



8 

Hi 

3,2 












160 

i 

16 
i_ 

16 

/ 

32 
/_ 

8 

V 

16 

I 

32 












32 

i 

32 

Hi 

64 
/ 

' 16 
i_ 

8 

Hi 

64 



i 

' 32 
i 

32 









20 


















10 

Hi 

40 



16 



i 

10 
_ i 
8 
j_ 

8 

i 

16 












3/ 
160 



160 


















7/ 
160 
3/ 
'320 



64 



i 

32 

i 

' 32 
i 

16 

i 

32 





i 

' 32 








Appendix C: Final Analytical Result on 
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where £?o is the LEC appear in p 2 order normal part of the chiral Lagrangian. E& = E(fc 2 ) and X = k 2+ s i ■ 
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